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ABSTRACT as B+-trees or KD-trees (Samet, 1989), only work for
datasets which can be represented in a suitable vector
(euclidean) space, i.e. for which there exists an ordering
of the data that preserves relative similarities. This &old
for a number of simple similarity functions, e.g. those
based on the euclidean distance between feature vectors

th - d th . time trad computed from audio (Wold and Blum, 1996). In Reiss
e precision and the cpu cogirécision-cputime trade- et al. (2001), we reviewed a number of such indexing

off). The algorithm uses successive approximations of thettechniques in the context of Music Information Retrieval.

measure o compute first cheap distances on 'Fhe whole SeHowever, a large number of similarity algorithms are not

Suitable to such vector-space index structures, as thgy onl
provide a distance function or metric to measure the dis-
similarity between data points. This is notably true of sim-
ilarity functions based on statistical pattern recognmitio
such as timbre similarity (Aucouturier and Pachet, 2004)
where songs are modeled with statistical models and the
models compared with distribution comparison measures
such as Kullback-Leibler or transportation distances.

There has been a number of proposals for metric-
space index structures, most of which exploit the triangle-
inequality property of the distance function to prune dis-
Keywords: Nearest Neighbor, Similarity Measure, tance calculations during searching. Obviously, one may
Timbre, Large Databases. first have to verify that the distance measure indeed ver-
ifies the triangle inequality, as e.g. Vidal et al. (1988)
for the edit-distance. ThApproximating and Eliminat-

1 INTRODUCTION ing Search Algorithn(AESA) (Juan et al., 1998) performs

Algorithms for fast nearest neighbor (NN) searching in NN search in approximately constant average-time, at the
general metric spaces are of considerable interest forexpense of pre-processing the matrix of pairwise distances
content-based retrieval in large music databases. Answerbetween objects. This is typically well suited for matching
ing NN queries requires computing the relative distance incoming objects against a small (a few thousand) dataset
between complex data objects, such as songs in audio oPf pre-computed prototypes, e.g. isolated word recogni-
symbolic format, which is typically a very costly opera- tion tasks. However, as the space requirements of typical
tion. music databases keep increasing (for instance, the SONY
Connect serviceoffers more than 700,000 tracks as of
2004), computing the whol®&? similarity matrix is sim-
ply not feasible. The M-tree (Ciacca et al., 1997) and the
One approach for speeding-up NN search is to use pre-Multi-vantage point (MVP) tree (Bozkaya and Ozsoyo-

built index structures. Traditional index structures,tsuc  9lU, 1999) are radius-based indexing methods that do not
require the computation of the whole similarity matrix,

o o ) ~while still preserving fast access time. In these strusture
Permission to make digital or hard copies of all or part ofthi  the data is hierarchically organized in clusters defined by a
work for personal or classroom use is granted without fee pro canter and a radius (the maximum distance from the center
vided that copies are not made or distributed for profit orcom {4 any point in the cluster). If a query is too far from the
mercial advantage and that copies bear this notice and the fu center of a cluster, by virtue of the triangle inequality, al
citation on the first page. the points within the cluster can be pruned, and the corre-

We describe an incremental filtering algorithm to quickly

compute the N nearest neighbors according to a similarity
measure in a metric space. The algorithm exploits an in-
trinsic property of a large class of similarity measures for
which some parameterhas a positive influence both on

on smaller and smaller sets. We illustrate the algorithm
on the case of a timbre similarity algorithm, which com-
pares gaussian mixture models using a Monte Carlo ap-
proximation of the Kullback-Leibler distance, wherés

the number of points drawn from the distributions. We
describe several Monte Carlo algorithmic variants, which
improve the convergence speed of the approximation. On
this problem, the algorithm performs more than 30 times
faster than the naive approach.

1.1 Metric Space Index Structures

(©2005 Queen Mary, University of London 1http://www_connectlcom

230



sponding distances calculations can be spared. Mirankethe cputimeC PU (p), then we will show that the cumu-
etal. (2003) have used, compared and improved such techlated cpu time of the successive steps usitig ), A(p1),
niques in the context of large image and biological protein ..., A(p.—1) may be a lot smaller than the direct compu-
structures databases. A recent application of vantagé pointation of the most precise distangép,,_1) on the whole
indexing to melodic similarity in music databases can be set of items.

found in Typke et al. (2003). This approach can be viewed and implemented as a
planning wrap-up around an existing distance measure, to

1.2 Exploiting the Tradeoff Between Precision and speed up the associated nearest neighbor search. We show
Cputime that dramatic speed-up can be achieved without modifying

the implementation of the underlying distance measure.
In this paper, we propose a generic algorithm for fast NN Section 2 presents a general formulation of the algo-
search in metric spaces which relies neither on an indexrithm, discusses the required condition on the distance
structuré, nor on the verification of the triangle inequal- measure, and explains the optimization process to find
ity by the distance measure. The algorithm exploits an the optimal sequence of steps that yields the smallest to-
intrinsic property of a large class of similarity algoritem  tal cputime. In Section 3, we illustrate the algorithm on
which exhibit aprecision-cputime tradeoffor some pa-  the case of NN queries, using a timbre similarity algo-
rameterp (tradeoff parametey i.e. for which both the  rithm (Aucouturier and Pachet, 2004), which compares
precision and the cputime increase with Gaussian mixture models using a Monte Carlo approxi-
Many music similarity measures proposed in the lit- mation of the Kullback-Leibler distance, where the trade-
erature exhibit this precision-cputime tradeoff. This is off parametep is the number of points drawn from the
notably true for pattern recognition distance measures,distributions. We describe several Monte Carlo algorith-
such as Foote (1997); Welsh et al. (1999); Pampalk et al.mic variants, which improve the convergence speed of the

(2003); Aucouturier and Pachet (2004). In such measures approximation, and report speed improvement factors as
the distributions of each song'’s frame-based feature vec-high as 30.

tors (e.g. Mel-Frequency Cepstrum Coefficients MFCCs)
are modeled (e.g. with Gaussian Mixture Models GMMSs)
then compared (e.g. using Kullback-Leibler). Many can- 2 INCREMENTAL FILTERING

didates exist for the tradeoff parameger In Section 1.2, an algorithm for fast NN searching in met-

e p may be the size of the feature vector. For instance ric spaces was sketched out. This algorithm can be seen as
the number of MFCCs typically influences the pre- & particular illustration of a more general approach which
cision of the measure (as illustrated e.g. in Aucou- W€ presentin this section. _ _
turier and Pachet (2004)), but also the dimension of In this more general context, we are interested in com-

the model, hence the cpu time both for learning and puting the elements qfa_sﬁtthat satisfyagiven_criterion
comparing. ¢, called the target criterion. Note that computing the NN

of a given item with respect to a given measure is a par-
ticular instance of this schema. The approach we present
applies to any target criterion that can be approximated by
a series of criteria with the following property: rough ap-
proximations of the target criterion are easy (fast) to com-
pute, whereas good (precise) approximations of the target
¢ p can also be found at the model comparison stage.criterion take longer. Moreover, approximations are faste
In Section 3, we consider a Monte-Carlo sampling to compute than the target criterion itself.
approximation of the Kullback Leibler distance be- The standard approach to computing the/Saif ele-
tween GMMs: the more samples are drawn from ments ofS that satisfyc is to evaluate against every item
the GMMs, the more precise is the approximation in S, retaining only those items that satisfy Roughly
by virtue of the central limit theorem, but also the speaking, our approach consists in starting with a first cri-
more expensive are both the sampling and the dis-terion that can be evaluated quickly, to eliminate irrele-
tance computation. vantitems, and then, to progressively evaluate crited# th
are better approximations of the target criterion, finighin
with the target criterion itself, to achieve the task. Thesid
behind this strategy is that if the precision of the succes-
sive criteria increases faster than their computation, cost
we can save a substantial amount of computation time,
because criteria that are expensive to evaluate will be eval
uated against fewer items.

e p may also be the size of the model, e.g. the number
of gaussian components in a GMM, or the bin size of
a histogram. The more complex the model, the more
precise the measutebut also the more expensive the
learning and the comparison.

We propose to exploit the precision-cputime tradeoff
of such distance algorithm4 to efficiently calculate the
result of NN queries. We use successive refinements of
A to compute first cheap, unprecise distances (#é€p)
for p small) on the whole set of possible items, then
more and more expensive and precise distances4{;).
for p big) on smaller and smaller sets. If the precision
PREC(p) of the distance measure increafester* than

- _ ) 2.1 Definitions and Assumptions
2therefore, it is compatible and complementary with the

above-described metric index structures Let us first introduce some necessary definitions and con-
3this is not taking into account the curse of dimensionality, ventions:

see Bishop (1995)
%in a sense to be defined in Section 2 e Sis afinite set.
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S=No
S=No <23 N1 L3 N2

Figure 1: Instead of computiny directly by applyinge,
we iteratively compute th&/; fori = 0,1,...,n

e cis a criterion defined ove$

c: S — {true, false} Q)

We callc thetargetcriterion.

e ¢, 1, ..., Cp @re criteria defined oves that approxi-
matec with increasing precision, with the convention
thate,, = c.

e N is the subset of containing those elements that
satisfyc. The goal of the algorithm is to compulé.

e Similarly, N; is the subset o that contains those
elements that satisfy;_,. By convention, we define
No =S.

e t(c;) < t(ciy1)Vi € [0,n—1] wheret(c;) denotes the
cpu time needed to computg(z) for any element
reS.

Note that the two following properties are a formal-
ization of the type of algorithms described in Section 1.2
(precision-cputime tradeoff)

Property 1 ¢, ¢1, ..., ¢, @pproximatec with increasing
precision

Property 2 The cost of computing increases withi, i.e.
t(Ci+1) > t(C,L)
The algorithm can be described by a simple idea, illus-

trated in Figure 1: instead of computingdirectly by ap-
plying ¢, we iteratively compute th&/; fori = 0,1, ..., n.

Property3 N, € N,_;1 € ... € N; € Ny = S (i.e.
Cit1 = Ci)

When Property 3 holds on thg; sets, itis straightforward
to show thatc;(N;) = ¢;(S) = Nit+1. In other words,
one can computéV;,; by applyinge; to N; instead of
applyingc; to S, thus saving time sincd’; is smaller than
S

Figure 2 illustrates the algorithm. In this figure, we
assume thal = Ny = {x1,z9,...,2,} and that ther;
are ordered so thaV = {x1,zs,...,zx} and more gen-
erally N; = {z1,22,...,zx,}. This reordering is made
possible by the inclusion relationship between Mjesets
assumption. The top part, with the horizontal arrow la-
beledc = ¢,, represents the standard way of computing
N, i.e. evaluate: on every element of, and retain only
the items that satisfy. The cost of this approach is:

t(c)|S| = t(c)|No| )
wheret(c) is the time it takes to evaluate function c on
one item andS]| is the cardinality ofS. The rest of the
figure illustrates our approach, reading from left to right.
The leftmost column of the figure, labele8™is an enu-
meration ofS. The nearest column, labeled’;”, can be
understood as follows: we evaluaig on every item in
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S, which yields Ny, the set of items that satisfy. This
is represented by the oblique arrow labeled’" N; is
enumerated vertically in this column. The cost of this step
is:

t(co)|S| = t(co)| Nol 3)

Reading Figure 2 from left to right illustrates that we iter-
atively applycg, ¢1, ..., ¢, t0 Ng,N1, ..., N,,. Eventually,

cn = ¢, the target criterion, is evaluated against, yield-

ing N. The overall cost of this approach is the sum of the
cost of each step:

n

> t(ei) N

=0

“4)

Our approach is interesting only in those situations where:

n

D) Ni] < t(e)|No| = t(c).|S]

=0

®)

On Figure 2, the successive sets computed are represented
vertically, and the successive criterion evaluationsepe r
resented horizontally. The costs can be visualized graphi-
cally if we assume that the proportions are respected, i.e.
that the height of a set is proportional to its cardinality
and that the width of a column is proportional to the cost
of the corresponding criterion evaluation. The overaltcos
of our approach corresponds to the light gray surface (the
upper-left “triangle”), while the cost of the standard ap-
proach is the hashed surface. With this graphical repre-
sentation, it appears that if thg; (the heights) decrease
fast enough and that th¢c;) (the widths) simultaneously
increase fast enough with increasihdhe light gray sur-
face will be substantially smaller than the hashed surface.
This is what we discuss in the next section.

2.2 Efficiency of the Approach

Our approach is interesting when it saves time, i.e. when
equation 5 holds. This gives us a set of necessary con-
ditions for the method to run faster than the standard ap-
proach. We will construct them recursively enstarting

with the casen = 1. Forn = 1, equation 5 becomes:

t(co)|No| + t(c1)|N1| < t(c).|S] (6)

= t(co) < o)A = 4(o) Sl (7)
Forn = 2, equation 5 becomes:

t(CO).|N0| + f(Cl).|N1| + t(CQ).lNQl < ﬁ(C)|S| (8)

wherec, = c. If we assume that equation 7 holds, we get
the sufficient condition:

|N1| — [ No]

t(c1) < t(c) KA

)
and so on. Finally, we have the following sufficient con-

ditions for our approach to be interesting in terms of com-
putation time:

|Ni| = [Nig1]

t(c;) < t(e) KA

Vielo,n—1  (10)



Figure 2: lllustration of the algorithm. The cumulated cofthe successive steps appears as the light gray area,aghere
the cost of the direct NN calculation appears as the strippedal.

|V;| is related to the precision with which approx- corresponding to different steps of the approach. (Note
imates the target criterior®: the less precise is;, the that if (¢}); is a sub-series ofc;);, an itemo} is one of
larger is the smaller set of items that satisfyvhich con- thec; with 7 < 4, and similarly,NJ', = N,.) The cost of

tains all items that satisfy. Equation 10 thus requires that  the approach fotc}); is e pr t(ch)|N/|. Among those
at each step, the precision of the;'s increases faster than  sub-series, at least one of them is optimal, i.e. there is

their complexity. at least one for which minimizindy_, . t(c;)|V/|. Note
that when the optimal sub-series contains only the target
2.3 Implementing the Approach criterione, our approach equals the standard approach.

To implement the approach optimally, one needs to
For a given problem, one thus needs to find a sequenc&ompute the optimalc});. In general, one cannot com-
of steps (the successivg's and N;’s) that both verifies  pute the cost of every” sub-series. However, this can be
propertiesP, P», and P; and equation 10. Equation 10 achieved very efficiently using dynamic programming, as
holds on the cardinalities of the successive result se¢s (th jllustrated by the following algorithm:
N; sets). Therefore, our approach is worth applying to
problem for which the cardinalities of the result sets can

be computed or estimated easily. Section3 illustrates abeSt Subseri es(n)

i f nmenVal ue(n)al ready conput ed

case where the cardinalities are estimated once, even at a return menval ue(n)
high cost, for a whole family of criteria. mn « +oo
For a given seb and a given criterior, our approach for p —0tomn-1

tmp — best SubSeries(p)
c «— cost(tnp U {n})
if ¢c <mn

is based on the existence of a serieg); that satisfies
propertiesP;, P», and Ps. Such a series can easily be

found for the class of criteria that possess a tradeoff pa- result — tnp U {n}
rameterp. Let us assume that takes value in a finite mn —c
setP = {0,...,n} (using quantization if needed). In denfd if

en or

this context, the sgrlg(si)iep does not necgssarlly satl_sfy memval ue(n) — result
equation 10, and if it does, there may exist sub-series of '\ ' fesul t
(¢i)icp that allow a more effi_cient implem(_ant:_:ltion of_ OUr end best SubSeri es
approach. More precisely, given setind criterion series _ _
¢i)icp, there exisR™ sub-seriegc’);cp cp of (¢;)icp, cost (li st O I ndices)
(ei): terdierc (ci)i STt(ci)|Ni| for 4 in listOflndices
5In Section 3, we will show that in terms of information re- €nd cost
trieval, | V;| is related to the precision at recall 1
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3 TIMBRE SIMILARITY |
EXPERIMENTS /

In this section, we apply the algorithm described in Sec- s
tion 2 to the practical task of calculating the n nearest ‘
neighbor of a song according to the timbre similarity mea-  ______.--- -

sure presented in Aucouturier and Pachet (2004).

3.1 The Precision-Cputime Tradeoff
Figure 3: Influence of the distance sample rate on the pre-

We sum up here the timbre similarity algorithm as pre- qigjon and cpu time of the timbre similarity algorithm

sented in Aucouturier and Pachet (2004). The signal is
first cut into frames. For each frame, we estimate the spec-
tral envelope by computing a set of Mel Frequency Cep- semi-logarithmic scale). We see that the DSR has a pos-
strum Coefficients (MFCCs) (Rabiner and Juang (1993)). itive influence on the precision when it increases from 1
We then model the distribution of the MFCCs over all to 2000, and that further increase has little if any influ-
frames using a Gaussian Mixture Model (GMM). AGMM ence. Figure 3 also shows the (rescaled) cpu time profile,
estimates a probability density as the weighted suoviof ~ which is a linear function ofisr. It appears that first, the
simpler Gaussian densities, called components or states oélgorithm exhibits a precision-cputime tradeoff (using th
the mixture. (Bishop (1995)): dsr as tradeoff parameter), and second that, for small
dsr’s, the precision of the measure increases faster than

m=M its cpu time, which makes it a good candidate for the NN
p(@e) = Y TN (e, foms Vo) (11)  algorithm presented in Section 2.
m=1

wherez, is the feature vector observed at time\ is 3.2 Formulation of the Problem
a Gaussian pdf with mean,,, covariance matrix;,,,
and r,,, is a mixture coefficient (also called state prior
probability). The parameters of the GMM are learned
with the classic E-M algorithm (Bishop (1995)).

We apply the algorithm described in Section 2 to the task
of computing the 100 nearest neighbors of an arbitrary
seed song in a database containing 15,554 music files,
with respect to the target distande In our problemd
is the timbre distance described above usisg = 2000,
which is considered to be an ideal setting.
The distance algorithm has a tradeoff parametes
which takes its integer values iR = {1, ...,2000},
and we refer to the instances of the distance which pses
asd,. Notably,d = dap99. The cost of computing,, is
linear inp, and the precision aof, increases witlp.

This problem fits into the scheme presented in Section
2 if one states it as follows:

We then compare the GMM models to match the tim-
bre of different songs, which gives a similarity measure
based on the audio content of the music. We use a Montedsr
Carlo approximation of the Kullback-Leibler (KL) dis-
tance between each duple of models A and B. The KL-
distance between 2 GMM probability distributions and
pp (as defined in (11)) is defined by :

d(A, B) = / pa(z)log zjgi; da (12)

The KL distance can thus be approximated by the empiri-
cal mean :

e Sis the collection of music files

e d, is the Monte Carlo approximation of the KL dis-
tance withp sampling points

e sis an element of
d(A, B) = 1 ZlOg pB(T:) (13) e N,(s) is the set of the 100 nearest neighborssof
’ n = pa(z;) wrt d,. In particular, what we want to compute is
Nagoo(s), the set of the 100 nearest neighborssof

(wheren is the number of samples drawn according to wrt d = dagpoo
p4) by virtue of the central limit theorem :

Givensin S, Vi € {1, ...,2000}, we define the result sets
1 N; C S as follows:Vi € {1,...,2000}, NV; is the smallest

R ) .
= p - subset ofS such that:
Jim (- ;XL EX)) = =N(0.0%)  (14)
= Va € Nagoo, Vy € S, di(z,s) > di(y,s) =y € N;
where X is the random variablibg pe(2) X, arealiza- (15)

pa(z)’ In terms of information retrieval, if we define the set of

tion of X, £(X) the mean ofX andA(0,0%) anormal  rejevant documents @800 (s), we can observe that
distribution of mearf) and variance2, the variance o .

The precision of the approximation is clearly depen-  ® |Ni| isthe number of documents retrieveddywvhen

dent on the number of samplesdrawn from the distrib- recalf = 1, i.e. when we have retrieved all the rele-
utions, which we call Distance Sample Rader(). Figure vant documents.
3 shows the influence afsr on the precision of the mea- ®Recall is the ratio of the number of relevant documents re-

sure, as defined in Aucouturier and Pachet (2004) (on atrieved to the total number of relevant documents in thetuete.
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N(dsr)

e |N;|is inversely related to the precisibaf the mea- oy

sured; atrecall 1.
14000 =
.y | Naooo ()] 100 AN
recision(d;) = ———— = 16 \
precision(d) =N~ =Ty 19 o
- YAl
We can now define; by: o .
2000 ‘\\‘ \\
ci(z) = true & x € N;(s) a7) \ e

0 10 100 1000 log(dsr)
Let us demonstrate that properties P, andP; hold

for thec; thus defined: Figure 4: Convergence profile of té, averaged over 50

o Pl is satisfied since the cost of computidgis lin- VN timbre queries.

earinp

e P2 andP3 are satisfied statistically, since the preci- insurance that, for a given seed songat a given step
sion ofd,, increases witlp and by constructionofthe  ; he set of itemsV; actually contains all the items in

N; result sets. Naooo(s). It follows that the final set of items returned by
Therefore, one can apply our approach to the problem of € algorithm after a given series of stefps); is only an

computingNggo for seed song. estimateNagoo(s) of the actual sefVogoo(s), associated
with a precision

3.3 Practical Implementation —

| N2goo(s) N Nagoo(s)|
In order to find the optimal series ¢¢;); that minimizes p((ci)iys) = Novoo(5)] (18)

the total cputime of our approach for a given query on
Naooo(s), we need to estimate théd/;| for a (large) set of

i e {1,...,2000}. One way to estimatgV;| is to actually Figure 4 shows the estimatéed;| fori = 1, ..., 2000,
compute the sev;, i.e. computed on the test database by averagind#ttie) over

ns = 50 random songs. The darkest curve corresponds to
e applyd;_; on Ny = S in order to sort the songs i the averagen = - > /'" | |N;(sx)|, the medium curve
by distance t& according tad; _; corresponds to the sum + o of the averagen and the
e find the maximum rank over all songs Ma00. It standard deviatioa of the| N;(sx)|, and the lightest curve

corresponds to the rank after which all the items of tom + 20.
Napoo(s) have been retrieved, i.€V;|

However, this direct approach has two major problems. <-4 Results

We apply our algorithm to the task of calculating the 100
nearest neighbors of a given seed song according to the
timbre similarity described above. Table 1 shows the op-
timal sequence of ste§s; ); obtained with dynamic pro-

for a givens is itself longer than the direct calcula- gramming (see Section 2.3), and the associated cost mea-

tion of Nagoo(s) with the standard approach. More- sured by) _; |.Ni|t(ci)v' \_Ne c.:ompare the results. gsmg the
over, it's a chicken and egg pr0b|em, as Computing 3 Set.S of es“matewL'J n F|gure 4 and an additional Set
the | V;(s)| requires to KnowNsg00(s). obtained by downsizing thgV;| by 25%. For dynamic

e The P distancesi; are stochastic algorithms based programming, we make the assumption that the cputime

Monte Carl hich wurn th i is lineart(c;) = a.i + (B, witha = 1andg = 0. It
on honte Larlo, which never return the same dis- appears that the optimal sequences differ slightly whether
tanced;(s,t) between 2 given songsandi twice P

(although the variance on the results obviously de- W& consider theN;| with or without standard deviation.
creases adsr increases). Hence, for a given seed Th_e optimal sequence ylelds an algorithm which is theo-
songs, the |V (s)|'s themselves should be averaged retically more than 30 times faster than the standard ap-
' . proach.
Table 2 shows the measured performance (cputime
To overcome these limitations, we propose to estimate aand precision) of the actual implementation of the algo-

unique set of ;| for the whole database, by applying the fithm for the same sequences of steps. Overall, the cpu
above procedure to a few random songs in the databas@€rformance is very good (we achieve speed improvement
and averaging the results. This has the drawback that theactors greater than 30) while still preserving near pérfec

successive inclusion property (Propefy) is only sta- precision (we retrieve 98% of the 100 true nearest neigh-

tistically verified for the estimatefdV;|, and we have no bors). We observe that as the;| increase, the precision
of the results increases (we are less subjected to acgidentl

"The precision is the ratio of the number of relevant docu- Pruning relevant nearest neighbors) but also the cpu time.
ments retrieved to the total number of documents retrieved We may observe that the achieved cputime rates are lower

e The set of| V;| depends on the seed song, so in the-
ory, we have to apply this procedure for each seed
song before being able to find the optimal sequence
of steps. This is unpractical, as estimating|tNg(s)|

over several runs of the above procedure.
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Table 1: Optimal sequences as predicted by dynamic progiagnm

Strategy Steps (N;],i) cost (% standard)
standard {15554, 2000 31,080k (100%)
best (mean) {15554, , {4501, 2¢, {2710, 6@, {652, 20Q, {290, 40Q, {218, 200G | 1,028k (3.3%)
best (mean - 25%) {15554, §, {3375, 2@, {2032, 6¢, {489, 20¢, {217, 40G, {163, 200¢ | 793k (2.6%)

best (mean +) {15554, ¢, {4090, 6G, {894, 20G, {374, 400, {264, 2000 1,195k (3.9%)
best (mean+2) | {15554, §, {6819, 6@, {1136, 200, {458, 40G, {310, 200¢ 1,532k (4.9%)

than the theoretical predictions (about 1% absolute). This3.5.1 Semi-Deterministic Gaussian sampling

can be explained by the following points : For very smalldsr (1-10), it may be appropriate to max-

imize the prototypicality of the drawn samples from a
GMM by not drawing them at random (i.e. first drawing

a Gaussian component according to the a priori distribu-
tion, and then drawing a point from the chosen Gaussian),
but rather by deterministically choosing the centers of
the Gaussian components. More precisely, we can use 3
strategies to sample from the GMMs.

e The optimal sequence found by dynamic program-
ming and its expected performance were computed
using a very simple cpu time modgk;) = i. This
doesn’tinclude e.g. the overhead cost of file I/O (re-
trieving the GMMs from the database, writing the re-
sults, etc.)

e The distance algorithm was not reimplemented to

; : 1. successively pick the center of the largest Gaussian
support our recursive approach, i.e. the same exe-

cutable is run for the successive valuedof. While components by decreasing importance (first the

. . ; largest component, then second largest, etc.)
this makes the algorithm generic (no need to re- ) )
program the distance algorithm it uses), this has an 2. Pick the center of a randomly drawn Gaussian com-
unnecessary cost: each step adds the overhead of its ~ Ponent (according to the a priori distribution)
own system call (the executable is called from Java), 3. normal sampling : random Gaussian, random point
initialization, file 1/0 (all the needed GMM files are in the Gaussian.

ian Ne first strategy is more deterministic than the second,
which itself is more than the third, hence we can explore
the whole space of such variants using 2 cut points,;
t’amdcutg. To sampleisr = n points from a Gaussian, ap-
ply the first strategy for the firstut; points, then switch

to the second strategy famty — cuty points, and fi-
nally use the third strategy for the remaining— cuts
points. Figure 5 shows an exploration of the space de-
Table 2: Measured cputime and precision of several se-fined by (cuty, cuts), wherecut, and cut, take values
quences of step®:); in {0,1,5,10,20,50}. We est;ror(])glte the precision con-
vergence by computing = > " .| N;|, which corre-
sponds to the area of the light gray curve in Figure 2 in

sampling (at each stefsr; points are sampled from
the Gaussians, while onlisr; 1 — dsr; new points

are needed). Most of these overhead costs are no
accounted for in the theoretical predictions.

Series cpu-time (% stand.) | precision o
sandard [ 66a5(100) 1005 | eceseuhert) siness The smaler e vaue e
0, 0, .
Ees: (mean) 555, %g; (g'gof’) 8?1(2)0? 50 nearest neighbor queries on randomly drawn items in
best (mean - 25% 30T (5'10/0) 98.90/0 the test database. Figure 5 shows that an hybrid sampling
bes (mean +) 91 (5. 00) . 0° strategy which consists in first drawing the center of the
est(mean+2) | 39.19(6.0%) 99.0% largest Gaussianc¢t; = 1), then drawing the centers

of 9 randomly drawn Gaussianauf, = 10), and finish
sampling with the standard strategy, is more than twice
as effective than the standard strategy all through (which

3.5 Monte-Carlo Improvements corresponds tgcut; = 0, cutz = 0}.

The previous results show that the speed of convergence?"s'2 Antithetic variant method

of the precision of the successive approximations with in- The antithetic variant method is a simple improvement
creasingdsr is an important factor to ensure both an im- method of Monte Carlo’s convergence, which is indepen-
portant speed improvement and a precise result set. Weadent of the distribution type. It simply generates an extra
present here several variants of the Monte Carlo samplingrandom numbey for every generated numbeby chang-
meant to improve the convergence of the approximation.ing its signy = —z. This makes the empirical mean of the
Note that these variants don’t improve the overall preci- sequence tend to 0 with a significant increase in conver-
sion of the distance algorithm, but rather enable faster cal gence. The samples are then shifted and scaled in match
culation using the algorithm described in this paper. the target distribution’s mean and variance.
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